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Abstract 

The aim of this paper is the determination of the largest n-dimensional 
polytope with n + 3 vertices of unit diameter. This is a special case of 
a more general problem Graham proposes in 

1 Introduction 

We know that among the geometric objects in Euclidean n-space with given 
diameter the sphere has maximal volume. A natural question arises if we 
consider polytopes instead, and in fact this problem has been considered 
several times. In this paper we deal with the following question: Given 
natural numbers k and n, which polytope with k vertices of unit diameter 
in Euclidean n-space has the largest volume? To this end we define the 
following volume function: 

Definition 1.1 Let n > 2 and k > n + 1 be positive integers. Then we 
define V{n, k) to be the maximum volume of a polytope with k vertices of 
unit diameter in Euclidean n-space. 

Let us briefly recall the following well-known results. For k odd, Rein- 
hardt showed |Q] that V{2, k) is achieved by the plain regular fe-gon. In this 
case we have 

V{2, k) = - ■ cos (-) • tan ^ ^ 



2 \kJ \2k- 
It is also known that V{2, 4) is achieved by the square (though not in a 
unique way, see |5|). 

However, for even /c > 4, it is definitely not the plain regular /c-gon which 
has maximal area. In fact, Graham showed 1^] that for A; = 6 the largest 
area is not obtained by the regular hexagon. The latter one is approximately 
equal to 0.6495, whereas V{2, 6) = 0.6749 .... 
Considering an n-simplex, we observe: 
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Remark 1.2 For every n > 2, V{n,n + 1) is achieved by the regular n- 
simplex, and we have 



We proceed as follows. For k = n + 2 the optimal configuration is 
obtained in a similar way, as we shall see in the next section. In order to 
determine V{n, n + 3) we first consider the special case V{3, 6) which in fact 
gives rise to a more general procedure leading to the main result of this 



paper, Theorem 4.1. We end with an outlook over open problems and some 



concluding remarks. 



2 The calculation of V{n, n + 2) 

Each configuration of n + 2 points in n-dimensional space is topologically 
equivalent to a double pyramid, which we obtain in the following way. Let 
us choose n points in a hyperplane H forming an (n — l)-simplex 5 and two 
points Pi and P2 lying on opposite sides of S. Then we have 

yfdouble pyramid) = — • height • base, 
n 

where the height is, of course, bounded by d{Pi,P2), hence by 1, and the 
base is bounded by V{n — 1, n). On the other hand, this maximum is really 
achieved (though not in unique way). Thus we obtain the following 

Theorem 2.1 For n > 2 we have 

V(n,n + 2) = - ■V{n-l,n) 
n 

(where V{1,2) = 1). Hence, by\L^, 

n-'- + 2) = ;^/^- 



3 The calculation of 1/(3, 6) 

The construction of the maximal n-dimensional polytopes with n-|-3 vertices 
is best understood if we look at the special case n = 3 first. 

Without loss of generality, we may restrict our investigation to polyhedra 
with triangular faces. By Euler's polyhedra formula we obtain that each 
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polyhedron with 6 vertices must have 8 faces and 12 edges. There are two 
topologically distinct cases: 

1. No vertex has a valence greater than 4. In this case the polyhedron is 
topologically equivalent to the regular octahedron. (We shall call this 
the octahedral case.) 

2. At least one vertex has valence 5. In this case the polyhedron is topo- 
logically equivalent to a pyramid over a pentagon which is partitioned 
into three triangles. In particular, there are two vertices with valence 
5. (We shall call this the pyramidal case.) 




Figure 1: The octahedral and the pyramidal case 



The next step is to determine the maximal volume in each of these 
cases. It will turn out that the volume achieved in the octahedral case is 
much smaller than the volume achieved in the pyramidal case. 

3.1 The octahedral case 

We fix two opposite vertices P and Q. Since each vertex has valence 4, we 
know that for all the other vertices Pi,P2,P3, P^ the line segments PiP and 
PiQ are edges of the polyhedron. 

Let i-2) -^3) P'i be the projections of Pi, -Ps) Pa to the plane p that is 
perpendicular to PQ and that intersects PQ in its center. It is obvious that 
d{PiP'j) < d{Pi,Pj) andm^x{d{Pl,P),d{P[,Q)) < max{d{P„ P) , d{P„ Q)) . 
Thus the polyhedron with vertices Q, P, Pi, P2, P^ and P4 has diameter 
less than 1. 

Since the volume of PQP^Pj^ equals the volume of PQPiP^ (the height 
and the area of the base is the same in both pyramids), the volume of 
QPP^Pl^P^P'^ equals the volume of QPP1P2PSP4,. Thus we can restrict 
ourselves to the case that the vertices Pi, P2, P3 and P4 lie in the plane p. 
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But in this case we know that the volume of the polytope is bounded by 
^V{2,A) = g. (In case of the regular octahedron we can achieve equality.) 

3.2 The pyramidal case 

Now we investigate the pyramidal case. Let P and Q be the vertices with 
valence 5 and Pi, P2, P3 and -P4 the other vertices of the polyhedron. Let 
p be the plane perpendicular to PQ intersecting PQ in its center. As in 
the octahedral case we conclude that the volume of the polyhedron does not 
change if we project the points Pi, P2, P3 and P4 into the plane p. Thus we 
may again assume that the vertices Pi, P2, P3 and P4 lie in p. 

Let P5 = PQ n p and /i = d{P, Q). Since d{P, Pi) < 1 (i = 1, ... 4) we 

obtain d{P^,Pif + ^ < 1, i.e. d{P^,Pi) <r = y'T^-?- Since h G [0,1], 

we obtain r G [■^, 1]. 

The volume of the polytope is \^hS where 5 is the area of the pentagon 
P1P2P3P4P5. Thus we must solve the planar problem to maximize the area 
of P1P2P3P4P5 depending on r. 

The pentagon P1P2P3P4P5 satisfies d{P^^Pi) < r for i = 1, . . . , 4 and 
d{Pi,Pj) < 1 for 1 < i < J < 4. We define the diameter graph D of the 
pentagon by: 

• The vertices of D are the points Pi, . . . , P5. 

• {Pi, P5} (1 < i < 4) is an edge of D if and only if d{Pi,P^) = r. 

• {Pi,Pj} (1 < i < j < 4) is an edge of D if and only if d{Pi,Pj) = 1. 

In the following we identify an edge {Pi,Pj} of D with the line segment 
nPj. 

As in p (Fact 2) we conclude that the diameter graph of the pentagon 
with maximal area is connected. 

Suppose PiPj and PfcP/ have no point in common, then the triangle 
inequation yields d{Pi, Pj) + d{Pk,Pi) < d{Pi, Pk) + d{Pi,Pj) (see Figure 1). 
Thus {Pi,Pj} or {Pk,Pi} is not an edge of D. 

Graphs with this property are said (by Conway) to have a linear track- 
leation. By a result of Woodall Q the graph D must be one of the following: 

The problem of determining the area of the pentagon is now reduced to 
an examination of each of the six cases. 

An easy calculation reveals that in the cases (a)-(d) the pentagon has 
an area less then 0.567 for each possible value of r in [-^, 1]. (For example, 
in case (b) the pentagon lies in a sixth part of a circle with radius 1 and 
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Figure 2: D has a linear trackleation 




Figure 3: Possible linear trackleations of D 



therefore the polygon has an area less than 0.53.) As we shall see later, the 
maximal area in case (f) is always larger than 0.58. 

Thus the only remaining cases are (e) and (f). We shall prove that in 
case (e) there is no local maximum and therefore the maximal area of the 
pentagon is obtained in case (f). 

In case (e) we have the situation shown in Figure ^ 

We must maximize the area of pentagon P1P2-F3-P4-P5 depending on 
ai,a2 and /3. By elementary geometry it follows immediately that a lo- 
cal maximum can only be achieved for ai = 02 = §■ But then it is clear 
that the maximal area is achieved for the case /3 = 0. This means that there 
is no local maximum in case (e). 

Thus we are left with the last case (f). This is shown in Figure ^.a. 

A simple but tedious calculation shows that in order to maximize the area 
of the pentagon, it is necessary that Z.P/^P2Pz = ZP2P3P1. Thus we are left 
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Figure 4: The case (e) 



Pa 




P5 = (0, z 



P4 = i-hy)^ 

b) P^ = i-x,0) 




Figure 5: The case (f) 



with the symmetric case shown in Figure |5[b. We obtain y = (^ + 2;) 

and z = y/r'^ — x'^. The area of the pentagon is 



A{r, x) = — 3 — 4x — + — \/ r'^ — x^. 



This expression has a unique local maximum for x G [0, ^] which can be 
found by setting the first derivative equal to zero. The resulting optimal 
value XQ{r) is a solution of a sixth order algebraic equation. Since r > ^ 

we obtain that A{r,xo{r)) > a(^^,xo (^)) = 0.5862.... This proves 
that the maximal area of the pentagon is obtained in case (f) and not in 
any of the cases (a)-(e). 

Finally, the maximal volume of the polyhedron can be found by maxi- 
mizing the expression ^hA ( \/l — ^,xo I \ 1 — ) ) for /i G [0, 1]. Some 



more calculations reveal that the maximum is obtained for h = 1. In this 
case the volume is 



y(3,6) = 0.1954. 



and there exists a unique polyhedron that archive this maximum. 
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4 The calculation of V{n, n + 3) 



Now we are ready to generalize the arguments of the previous section to 
higher dimensions. 

As in the 3-dimensional case we have two topologically distinct possibil- 
ities: 

In the octahedral case we have 6 vertices with valence n + 1 and n — 3 
vertices of valence n + 2. Let P and Q be two vertices of valence n + 1 and 
Ri, . . . , Rn-3 the vertices with valence n + 2. Let p be the plane orthogonal 
to PQRi . . . Rn-3 intersecting the (n — 2)-simplex PQRi . . . Rns in the 
center of its surrounding sphere. We can generalize the projection argument 
of section |3.1| to see that in this case the volume of the polytope is less than 
iF(2,4)y(n-2,n-l). 

In the pyramidal case we find n — 1 vertices Pi, ... , Pn-i with valence 
n — 2. Let p be the plane orthogonal to Pi . . . Pn-i intersecting the (n — 2)- 
simplex Pi . . . Pn-i in the center of the surrounding sphere. If we project 
the remaining four points to p we obtain the planar optimization problem of 

(The distance 



section 3.2. In the n-dimensional case, r G 



1 ("-2) 1 
^ ~ 2(n-l)' ^ 



of the center of Pi . . .P^-i to the vertices is at most ^^rf y 2(n-2) •) Since 
now r can be smaller than in section we must improve the bounds in 
the cases (a)-(d), but nevertheless, we find that the area of the pentagon is 
still maximal in case (f). Thus we can proceed in the same way as in the 
3-dimensional case and conclude that the maximal volume is achieved if the 
(n — 2)-simplex Pi . . . Pn-i has maximal volume. 



Theorem 4.1 For n> 3 let r = \ \ — ^t—tt- Then we have 

— V 2{n-l) 

V{n, n + 3) = ^ii!lM:lly(n - 2, n - 1), 
n 



where A is the function defined in section \3.^ with local maximum at XQ{r). 

In particular, for n — > oo we have r — > and A{r, XQ^r)) — > 0.5002 . . ., 
hence 

^.^ y(n,n + 3) 

n^oo V{n-2,n-l) ^ ' 

We remark that 

lim n ■ — = 1 (2) 

n^oo V{n — l,n) 



(see Theorem 2.1). 
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5 Concluding Remarks 



In principle, the preceding techniques (consideration of the topologically 
distinct cases, projection, hnear trackleation) may be apphed to the deter- 
mination of V{n,n + k) for k > 3. However, Bender and Wormald |j^] showed 
that 

1 fAk - W 

972{k - l){2k - 5)(3/c - 6) V k + 2 

is a good approximation for the number of topologicahy distinct cases in 
three dimensions. The number of possible linear trackleations of the (2n)- 
gon is 

^ 0(d)4™/'^ + 4™-2 + 2"^-^ - 1. 

d\m 
d odd 

Thus the number of topologically distinct cases and the number of possible 
linear trackleations in each case, grows exponentially. 

However, one could ask if, corresponding to the limit formulae (|l|) and 
@, we can determine 

n + fe) 

lim n- 



n^oo v{n-k + l,n-k + 2) 



for /c > 3. 

We remark that the maximal polytopes with n + l, n + 2 or n + 2> vertices 
have an axis of symmetry. The problem whether each maximal polytope has 
at least one axis of symmetry (see |^]) is still open. 



The calculations in section 3.2 suggest the following generalized problem. 
Given a symmetric {k x A;)-matrix determine the largest /c-gon Pi ... 
with d{Pi,Pj)<Dij. 
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